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LGi cam on

Trudc tién toi xin duge gui 10i cdm on dén tat ca quy Thay Co da
giang day trong chuong trinh Cao hoc Toan khéa 9 - Truong Dai hoc
Khoa hoc - Dai hoc Thai Nguyén, nhitng ngudi da truyen dat kién thic
hitu ich vé nganh Phuong phap Toan so cap lam co sd cho toi hoan
thanh luan van nay.

Dic biét to6i xin chan thanh cdm on Thay gido PGS.TS. Ha Tran
Phuong. Thay da danh nhiéu thoi gian quy bau tan tinh huéng dan toi
trong sudt qua trinh thyc hién luan van, dong thoi con 1a ngusi gitp
toi linh hoi dugc kién thitc chuyén mon va rén luyén cho toi tac phong
nghién citu khoa hoc.

Qua day, toi ciing xin dugc bay té long biét on sau sic t6i gia dinh,
ban be than thiét 14 nhitng ngudi luon sat canh bén toi, tao moi diéu
kién t6t nhat cho toi, da nhiét tinh gitp dd, chia sé, dong vién toi trong
su6t qua trinh hoc tap, ciing nhu khi toi thiyc hién va hoan thanh luan
van nay.

Mic du da rat c¢d gang song luan van khong tranh khéi c6 nhitng
thiéu s6t. Rat mong nhan duge ¥ kién déng gop ctia cac Thay gido, Co
gido va cac anh chi hoc vién dé luan van hoan thién hon.

Thai Nguyén, ngay ... thang ... nam 2017

Tac gia luan van

Nguyén Quéc Diing



MG dau

Bat dang thic Erdos-Mordell duge nha toan hoc Paul Erdos dé
xuat nam 1935 va 10i gidi dau tien duge dua ra béi Louis Mordell sit
dung Dinh 1y ham s6 Cosin. Bat dang thitc nay cho thay quan hé gitta
khoang cach tit mot diém tiy ¥ nim trong tam giac téi cac canh va
cac dinh. Cu thé véi tam gidc ABC va P la diém nam trong tam giac,
ki hieu Ry, Ry, R3 lan luot 14 khoang cach tit P dén cac dinh A, B, C
va 11, 79,73 lan luot 14 khodng cach tit P dén cidc canh BC,CA, AB.
Khi d6 ta c6 bat dang thiic

R1+R2—|—R322(7‘1+7’2+T3).

Dang thic xay ra khi va chi khi tam gidc ABC déu va P la trong
tam ctia no. Ké tir khi ra dsi bat déang thiic Erdos-Mordell da thu hut
duge sy quan tam nghién citu ciia nhiéu tac gid trong, ngoai nuée va
c6 nhiéu tng dung trong viéc giadi quyét cac bai toan thi hoc sinh gidi,
dac biet trong linh viic hinh hoc so cap. Thoi gian gan day cé nhiéu
tac gia da nghién citu them mot sé ching minh méi cho bat déng thiic
Erdos-Mordell v& nghién cttu cac mé rong ciia bat dang thiic nay. C6
thé ké dén cac cong trinh ctia Y. D Wu, C. L Yu v& Z-H Zhang [9],
R. B. Manfrino, J. A. G. Ortega va R. V. Delgado [7], D.S Mitrinovic,
J.E. Pecaric and V.Volene [8]. W. D. Jiang va J. Liu,....

Muc dich ctia dé tai la tong hop lai mot s6 van dé vé bat dang thic
Erdos-Mordell va tng dung trong mot s6 bai toan hinh hoc. Ngoai ra
trinh bay lai mot s6 két qui nghién cttu gan day ctia tac gia W. D
Jiang [3], J. Liu [4] — [6].

Ban luan vin "Vé bat dang thiic Erdos-Mordell" gdm c6 mé dau,
hai chuong noi dung, két luan va tai licu tham khao.

Chuong 1. Bat dang thic Erdos-Mordell. Chuong nay trinh bay bat
déng thitc Erdos-Mordell c6 dién va trinh bay lai mot cach chitng minh
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mdéi cho bat ding thitc nay. Ngoai ra trong Chuong 1 chiing toi con
trinh bay mot s6 vi du lien quan. Cac vi du nay chi yéu dugce trich ra
tit cac dé thi vo dich khu vue va dé thi IMO.

Chuong 2. Mot s6 mé rong ciia bat dang thitc Erdos-Mordell. Trong
chuong nay ching t6i trinh bay mot s6 bat ding thiic mé rong ctia bat
déng thic Erdos-Mordell déi véi tam giac: bat dang thitc kieu Erdos-
Mordell ¢6 trong s, hai bat dang thitc cho mot diém trén mat phing
clia mot tam giadc va bat ding thic hinh hoc ctia Oppenheim.



Chuong 1

Bat dang thic Erdos-Mordell

Trong chuong nay chiing toi trinh bay bat dang thitc Erdos-Mordell
co dién v6i mot cach chiing minh méi ctia J. Liu vi mot vai vi du ap
dung. Noi dung chit yéu duge bién tap ti cac tai lieu [1], [5], [7], [8], [9].
1.1 B4t ding thitc Erdos-Mordell

Cho tam gidc ABC va P la diém niam trong tam gidc. Ki hiéu
Ry, Ry, R3 lan luct 1& khoang cach tit P dén cac dinh A, B, C' va
r1, T9, r3 lan luot 1a khoang cach tit P dén cac canh BC, CA, AB. Ki
hiéu a, b, ¢ lan lugt 1a chieéu dai ctia canh BC, CA, AB va hg, hy, h.
lan lugt 1a chiéu cao ciia canh BC, CA, AB cla tam giac ABC. Véi
cac ki hiéu trén ta co:

Dinh 1y 1.1.1 (Bat dang thic Erdos-Mordell) Cho tam gidc ABC va
P la diem nam trong tam gidc. Khi dé luon cé bat dang thic

R1+R2—|—R322(T1+T2—|—T3), (1.1)

dang thic xay ra khi va chi khi tam gigc ABC déu va P la trong tam
cia no.

Bat dang thitc (1.1) chiing minh dau tien thuoc vé L.J.Mordell vio
nam 1935, sau dé da c6 nhicu tac gid dua ra cac ching minh khac,
nhiéu trong s6 dé duge dua trén bat dang thitc sau day:

cro + brs

Ry > (1.2)

a

0 day ching to6i xin trinh bay mdt chiing minh mdi ma khong s
dung bat dang thic (1.2) duge dua ra bai J. Liu trong tai ligu [5]. Cach
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ching minh duge dua trén bd dé sau day:

Bé deé 1.1.2 Vdi bat ky diém P ndm trong tam gidc ABC tuy v, ta cé

[ s b
a2+ 42 > cry —il; ars n ary + rl. (1.3)
c

Ding thitc chi zdy ra khi va chi khi PO (O la tam dudng tron ngoai
tiép cia tam giac ABC') song song vdi canh BC.

Chimg minh. Ki hiéu S la dién tich cta tam giac ABC. Theo cong
thic Heron:

S = /s(s—a)(s —b)(s —c), (1.4)

trong d6 s = %b*c , ta dé dang nhan dugc
165% = 2b°c* + 2c%a® + 2a%** — a* — b* — L (1.5)

Stt dung dang thitc (1.5) ta chiing minh dugc

9 162252 4,52 ct + az  ay+ bx\’
(ax + by + cz) (ax + by + cz) b c
[(20%¢2 + a®* + a*P — b — M)z —a (VP + * —a?) (yb+ zc)}2

4b2c2(ax + by + c2)”

(1.6)
trong d6 x, y, z 1a cac s6 thuc va az + by + c20. Béi vay
9 162252 4,52 cr + az  ay+ bx\’
a”+ 5 — 5 + > 0.
(ax +by + c2)°  (ax +by + c2) b c
(1.7)

Dit z = 7, y = ry, 2 = r3 trong cac bat dang thic trén, va sit dung:
ary + brg + crg = 285, (1.8)

ta co

cry + ars  ary + br1)2
+ ;
b c

a + 4r? > (

do d6 bat dang thitc (1.3) ding. R6 rang, dang thiic clia bat dang thiic
(1.3) x4y ra khi va chi khi



(2b°¢® + @b + a’c — b =) ri—a (b* + & —a®) (bra + cr3) = 0.

(1.9)
Bay gio ching ta ky hiéu dién tich cac tam giac BPC, CPA, APB lan
luot 12 .S, Sy, S, tuong tng, khi d6 S, = %arl, Sy = %brg, S, = %CT’:},.
Ap dung (1.5), ta suy ra (1.9) tuong duong véi

Sa [165* — a* (b* + & — a®)] = a* (® + & — a®) (Sy + S.).
(1.10)
Néu A = Fvary = 0t (1.9), P nam tréen BC va tam dudng tron
dudng tron ngoai tiép tam gidc ABC dong thai 1a trung diém ciia canh
BC.Néu A # T, thi S, # 0t (1.10) ta co

165? — a2 (b2 + 2 — a2) S+ S
a? (b> + 2 — a?) S,

st dung S, + 5, + S. = 5, taco

1 1
S, = —a? (b2 + 2 — a2) = ZaQ cot A = §R2 sin2A,

trong d6 R 1a ban kinh ctia duong tron ngoai tiép tam gidc ABC.
Nhung Sropc = %RQ sin 2A, vi thé S, = Sappc = SrBoc, do do
PO song song v6i BC. B6 dé 1.1.2 dude chitng minh. O
Ching minh Dinh 1y 1.1.1 Theo B6 dé 1.1.2, ta c¢6

/ b b

ERIERS ara + 0ry n r3 + crl’ (1.11)
c a

/ b

ERIPIERS r3 + Cro n cry J{; ars (1.12)
a

Stt dung 2S = ah, va cong thitc Heron chung ta c¢6 dugc

1

h, = % [(b+c)2 —a2} [a2 — (b — 0)2] < %\/(b+6)2 — a2,

do do6 ta co
b+ c > \/a®> + 4h2, (1.13)

déng thiic xay ra khi va chi khi b = c.
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Ap dung bat déng thic (1.13) véi tam giac PBC, ta c6

Ry + Ry > y/a? + 413, (1.14)

va hai dang tuong tu. Cong cac bat dang thitc do ta co:

2(R1 + Ry + R3) > \/a? + 4r2 + \/b? + 415 + /2 + 43, (1.15)

déng thiic x4y ra khi va chi khi P I3 tam duong tron ngoai tiép tam
giac ABC.
Mit khéc, cong cac bat dang thic (1.3), (1.11) va (1.12) ta co:

\/a2 + 4rf + \/b2 + 4r3 + 4/ + 4r3
c b a c b a
22——|——r1—|—2<——i——>r2+2 — 4+ = |3
b C c a a b

dang thitc xay ra giéng nhu bat dang thic (1.15). Vi

(1.16)

+-22-4+- 22

ol

ole

b a
4> 2
a+b

1o

SO

do d6 tit bat dang thiic (1.15) va (1.16), thu dugc bat dang thiic Erdos-
Mordell va dang thitc xay ra trong (1.1) khi a = b = ¢ va P 1a trong
tam. Dinh 1y 1.1.1 dugc ching minh. [l

1.2 Mot s6 vi du lién quan

Vi du 1.2.1 Cho tam gigc ABC va P la mot diém tuy § ndm trong
tam giac. Khi do

21+1+1<1+1+1 (1.17)
Ry, Ry, R;) ' '

Gias
Xét phép nghich dao N cuc P va phuong tich d = ro
N :A—- A:B - B:C = C,
Ay — Al; By — B}; C1 — C.

Khi do, ta co



